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[1] The Radio Plasma Imager (RPI) on the IMAGE satellite stimulates short-range plasma
wave echoes and plasma emissions, known as plasma resonances, which are then
displayed on plasmagrams. These resonances are used to provide measurements of the
local electron density ne and magnetic field strength jBj. The RPI-stimulated resonances
are the magnetospheric analog of plasma resonances stimulated by topside ionospheric
sounders. These resonances are stimulated at the harmonic of the electron cyclotron
frequency fce, the electron plasma frequency fpe, and the upper-hybrid frequency fuh (where
fuh
2 = fpe

2 + fce
2). They are also observed between the harmonics of fce (i.e., nfce) both

above and below fpe, where they are known as Qn and Dn resonances, respectively.
Calculations of the Qn resonances in the ionospheric environment, based upon a thermal
Maxwellian plasma model, provided confidence in the resonance identification between
the observations and the estimated values within the experimental errors. However,
there is often an apparent difference between these resonances in the magnetospheric
environment and those predicted by calculations based on a Maxwellian plasma model.
For example, the Qns are often (and perhaps consistently) observed at frequencies slightly
lower than expected for a Maxwellian plasma. We present a new set of resonance
calculations using the dispersion characteristics of these resonances based upon a
nonthermal kappa distribution. We then compare these calculations and those based on a
traditional Maxwellian thermal plasma model with the IMAGE/RPI observations. The
calculations based on the kappa distribution model appear to resolve the aforementioned
frequency discrepancy. In addition, the results also provide insights into the nature of the
electron distribution function in the magnetosphere.
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1. Introduction

[2] Natural banded emissions are frequently observed by
spacecraft in low-inclination orbits in the terrestrial magne-
tosphere (for a review, see Kennel and Ashour-Abdalla
[1982]) and in the magnetospheres of other planets, e.g.,
Jupiter, Saturn, and Uranus, where in situ measurements
have been obtained [Kurth, 1992]. The most important
feature of these emissions, which is common to all these
observations, is that they occur between harmonics of the
electron cyclotron frequency and they have been commonly

referred to as ‘‘n + 1/2’’ waves even though they are not
restricted to the middle of each harmonic band. Several
interpretations of these emissions of magnetospheric origin
have related them to plasma resonances stimulated by
ionospheric topside sounders because of the similarity in
the observed frequency spectra. These resonances are ob-
served both above and below the electron plasma frequency
fpe and are known as Qn and Dn resonances, respectively.
Fredricks [1971] and Benson and Osherovich [1992] related
magnetospheric banded emissions attributed to f < fpe to the
Dn resonances, Christiansen et al. [1978] related magneto-
spheric banded emissions attributed to f > fpe to the Qn
resonances, and Oya [1971], Osherovich et al. [1993], and
Benson et al. [2001] related the magnetospheric spectra to a
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combination of Dn and Qn resonances. LaBelle et al. [1999]
performed a statistical investigation of banded magneto-
spheric emissions based on fpe determinations from a
plasma instrument considered to be accurate to about a
factor of two and found that the upper-frequency compo-
nents could be related to the Qn resonances but that the
lower-frequency components could not be related to the Dn
resonances. The investigation of Benson et al. [2001] used
the same statistical database and found that the magneto-
spheric banded-emission spectra could be related to the Dn
and Qn resonances but that the resulting fpe values were
almost a factor of two below the values obtained from the
plasma instrument (which is considered to provide a lower-
limit value). These investigations have attempted to relate
the observed spectral characteristics of sounder-stimulated
Dn and Qn plasma resonances in the ionosphere to the
spectra of magnetospheric narrowband emissions. The
present investigation concerns solely the spectra of Qn
plasma resonances stimulated by radio sounders in the
magnetosphere.
[3] In addition to the Dn and Qn plasma resonances

discussed above, the ionospheric topside sounders also
produce plasma resonances at the harmonics of the electron
cyclotron frequency fce, fpe, and the upper-hybrid frequency
fuh, where fuh

2 = fpe
2 + fce

2 (see, e.g., the review by Muldrew
[1972a]). All of these plasma resonances, including those at
the Dn and Qn frequencies, have also been stimulated and
induced in the magnetosphere by the Radio Plasma Imager
(RPI) on the IMAGE satellite [Benson et al., 2003]. These
resonances provide a diagnostic method for determining the
local electron density ne and magnetic field strength jBj and
can be used as an inversion tool to infer properties of the
plasma particle distribution function. These capabilities are
of particular importance on IMAGE since the mission was
designed for remote measurements [Burch, 2000] and the
spacecraft payload did not include any instruments dedicat-
ed for in situ measurements.
[4] It is generally well known that the dispersion charac-

teristics (w � k diagram) of the Bernstein modes (at least for
Maxwellian distributions) change considerably between
harmonics of the cyclotron frequency when one compares
the dispersion curves of the cyclotron band that contains the
upper hybrid waves, and the bands above it, with those
bands below the one containing the upper hybrid frequency.
In other words, a Bernstein mode propagates in each
cyclotron harmonic band nWe < w < (n + 1)We, but how it
does so depends upon whether their frequency lies above,
below, or in the upper hybrid frequency band. The waves in
those bands with w < wuh start at frequencies w ’ (n + 1)We

at long wavelengths (i.e., small le = k?
2 re

2/2) and descend
to w ’ nWe when le � n. Those waves with w > wuh start at
w ’ nWe ascend to a peak near le / n, or similarly k?re /ffiffiffiffiffi
2n

p
, and then return to w ’ nWe for le � n [Kamimura et

al., 1978]. In these high-frequency harmonic bands, the
modes have a zero group velocity (vg = @w/@k = 0) for le
/ n, and therefore there is a neighboring range of le for
which the group velocity is small. Thus the bands at the
upper hybrid level and above are limited to only part of the
frequency range, whereas those below the upper hybrid
branch extend over the entire range of frequencies between
the harmonics. These peaks in the dispersion profiles,
known as the Qn resonances, do not exist for the cyclotron

bands below the upper hybrid level. They only appear in the
high-frequency electrostatic regime (i.e., the short wave-
lengths regime where jk?rej ’ O(1) or greater) of the
dispersion profile suggesting that they are of electrostatic
nature. The Qn resonances, as generated by ionospheric
topside sounders, have been attributed to a close matching
of the group velocity vg of the propagating Bernstein (or
ECH) waves to the satellite velocity vs [Muldrew, 1972a,
1972b]. The wave in the upper hybrid branch is special
since the electrostatic band starts at w = wuh, rather than at
the next higher cyclotron harmonic, and then descends to
the next lower cyclotron harmonic frequency as le increases
after reaching a peak frequency.
[5] The RPI on the IMAGE satellite stimulates short-

range electrostatics echoes and long-range electromagnetic
echoes in the Earth’s magnetosphere. The resultant data are
presented in either a conventional frequency versus time
spectrogram (passive mode) or in plasmagrams (active
mode) that display the amplitude of the received echo and
its virtual range (i.e., assuming free-space speed of light
propagation) as a function of sounding frequency (see
Reinisch et al. [2000] for a description of the instrument
and data formats). These plasmagrams are the magneto-
spheric analog of topside-sounders ionograms [Benson et
al., 2003]. In this work we will concern ourselves mainly
with the electrostatic echoes, i.e., the signals known as
plasma resonances because of their spike-like appearance on
the plasmagrams. They correspond to waves of slow group
velocity that return to the spacecraft following the short-
duration RPI pulse. The cutoff frequency of an electromag-
netic echo provides additional confidence in the determina-
tion of the local electron density.
[6] The observation of these Qn resonances in the iono-

sphere provided confidence in the resonance identification
and consequently their use as an independent diagnostic
method for determining the local electron density ne and
magnetic field strength jBj. Recent RPI measurements in the
magnetosphere, however, often show a definite difference
between the observed resonance values and those values
estimated from theoretical calculations of the dispersion
properties of Bernstein waves for an isotropic Maxwellian
plasma. In these cases, the Qns are observed at frequencies
consistently lower (within the experimental errors) than
expected for a Maxwellian plasma, suggesting a departure
from such distributions. Christiansen et al. [1978] sug-
gested that the identification of the frequencies of natural
emissions, which appear to be related to the Qn frequencies,
can be explained in terms of a nonthermal plasma that
contains a tail population of suprathermal particles. In an
attempt to explain, on theoretical grounds, such nonthermal
conditions, Belmont [1981] suggested that the dispersion
characteristics of these resonances not only depend on the
density or magnetic field strength but also on the shape of
the distribution function (which has been generally assumed
to be Maxwellian). The idea that the wave dispersion
characteristics are not only dependent on the physical
parameters (e.g., density, temperature, magnetic field, etc.)
but that they also depend on the shape of the distribution
was first postulated by Abraham-Shrauner and Feldman
[1977a, 1977b] in application to whistler and electromag-
netic ion cyclotron waves in the solar wind. Belmont [1981]
numerically calculated the dispersion characteristics for two
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model distribution functions: (1) a background finite tem-
perature Maxwellian plasma mixed with a ring distribution
of low density and zero temperature (e.g., a delta function in
the transverse direction relative to the background magnetic
field), and (2) the superposition of two finite temperature
Maxwellians, one cold and the other hot. The results of their
calculations indicated that the second model (case 2) was
more consistent with the resonance observations. This
model, although very reasonable, requires the variation of
at least four parameters (two densities and two temper-
atures) in order for the model to reproduce the variations in
the shape of the distribution function and explain the
frequency dispersion characteristic of the Bernstein waves.
In general this model has a small effect on the dispersion
characteristics, since it remains fundamentally Maxwellian
(but with more parameters) and the dielectric tensor
becomes just the sum of the dielectric tensors for each
Maxwellian component; therefore no fundamental change
in the dielectric tensor occurs.
[7] The purpose of this work is to present a new set of

resonance dispersion characteristic calculations based upon
an isotropic nonthermal kappa distribution function and to
compare these calculations and those obtained from an
isotropic Maxwellian thermal plasma with IMAGE/RPI
observations. The goal is not only to provide and indepen-
dent diagnostic method for determining the local electron
density ne and magnetic field strength jBj, but to establish a
diagnostic inversion tool to provide insights into the nature
of the electron velocity distribution function in the magne-
tosphere. The model requires only three parameters to
define the shape and characteristics of the distribution
function. The kappa distribution fundamentally changes
the form of the dielectric tensor [Mace, 1996; Mace,
2004]. Each tensor element now depends additionally on
k, the spectral index of the velocity distribution, which
controls the shape of its profile. Varying k from k > 3/2 to
infinity permits the study of a wide variety of different
plasma conditions, ranging at the extremes from highly
accelerated tails to the thermal Maxwellian case, without
changing the model equations.

2. Distribution Function and Theoretical Linear
Dispersion Relation Model

[8] In this section we present a kappa velocity distribu-
tion function model. Kappa distributions are similar to the
velocity distributions predicted by Tsallis [1988, 2004] and
Tsallis and Brigatti [2004] from an entropy principle based
upon nonextensive statistical mechanics. Tsallis generalized
the traditional Boltzmann-Gibbs-Shannon entropy to under-
stand physical nonequilibrium systems (or systems having
strong non-Markovian microscopic memory and multifrac-
tal structured systems) where long-range interactions or
long-memory effects are important, such as those in space
plasmas. These aspects have been recently emphasized by
Leubner [2004], who showed a link between the kappa
distribution and the Tsallis q distribution where k (or q)
measures the degree of nonextensivity of the system and
they are related (i.e., for the form used in this paper) by the
relation k + 1 = 1/(q � 1). One recovers the extensivity
(additivity) as k ! 1 (i.e., q ! 1) where the system is
described by a Maxwellian velocity distribution. Recently,

in a more direct phenomenological statistical mechanics
approach, Treumann [1999a, 1999b] and Treumann et al.
[2004] also proposed a generalization to the Boltzmann-
Gibbs statistical mechanics by considering a certain class of
collisional terms, which is not based on binary collisions,
and demonstrated that when ones take into account long-
range correlations between the kinetic particles the equilib-
rium state of such a system is described by a generalized
kappa Lorentzian distribution function. Under Treumann’s
formalism the k parameter seems to represent a measure of a
strongly turbulent state (internal correlations), intermediate
between the linear stages and the collision-dominated
stages, when the system settles into quasi-equilibrium for
some time before binary collisions destroy the state and
dissipate the energy stored in the turbulent motions. It is
clear that both formulations lead to similar results even
though they differ in their approach. It would be of
theoretical interest to consider the question of whether there
is a connection between Treumann’s generalized Lorentzian
kinetic formulation and the nonextensive Tsallis formula-
tion. Either approach, i.e., the Tsallis or the Treumann
formalism, provide a potentially important microscopic
foundation that justifies the usage of the kappa velocity
distribution in space physics. Since both formalisms provide
support for the kappa distribution, it is not the purpose of
this discussion to support one approach over the other but
instead to provide a reasonable justification for the usage of
the kappa distribution and the implication of such a model
in the dispersion characteristics of plasma resonances. The
kappa distribution function was first proposed as a model
distribution in space physics by Olbert [1968], and since
then it has been extensively used by other researchers in
many areas of space and solar physics [e.g., Vasyliunas,
1968; Scudder and Olbert, 1979; Summers and Thorne,
1991; Mace and Hellberg, 1995; Meyer-Vernet et al., 1995;
Maksimovis et al., 1997; Leubner, 2004].
[9] We also considered a theoretical dispersion relation

for electromagnetic Bernstein wave modes based upon the
kappa velocity distribution. Here we consider a nonrelativ-
istic plasma system composed of electrons and ions but
where the ion dynamical response is neglected, since the
frequencies of the waves we are considering are much
greater than any characteristic frequency associated with
the ions. Thus the ions are treated as a homogeneous
neutralizing background plasma, where Mp � me. We
further assume that the electron plasma is isotropic (i.e.,
Te = T?e = Tke), has no drift, and is characterized by a kappa
velocity distribution function. The kappa velocity distribu-
tion resembles a Maxwellian distribution at low velocities,
while at suprathermal velocities it reduces to a power law. It
is defined as follows [Summers and Thorne, 1991]:

fe vð Þ ¼ Ak

1þ v2

k q2e

 !kþ1
where Ak ¼ ne pkq2e

� ��3=2 G kþ 1ð Þ
G k� 1=2ð Þ

for k > 3=2; ð1Þ

where qe
2 = 2((k � 3/2)/k)ae

2 and ae
2 = (Te/me). This

distribution reduces to an ordinary Maxwellian with a
thermal speed ae in the limit k ! +1. A further inspection
of the kappa distribution shows that it only depends on three
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parameters, i.e., an electron density ne, an electron
temperature Te, and k (i.e., the spectral index of the kappa
distribution) that controls the shape of the distribution
function. Figure 1 shows the profile of the kappa
distribution function for different values of k (i.e., k = 2,
3, 5) including a Maxwellian distribution (i.e., k = +1) in
arbitrary normalized units. The most important aspect of
this figure is that the shape of the distribution function is
controlled by the spectral index k. Note that the number of
suprathermal particles increases as k decreases from a
Maxwellian distribution model.
[10] Recent calculations by Mace [2003, 2004] based

upon a Gordeyev integral approach provided general
expressions for the dispersion relation of both electrostatic
and electromagnetic Bernstein-mode waves, which propa-
gate perpendicular to the background magnetic field in a
uniform, isotropic, nonrelativistic plasma, which is de-
scribed by a kappa distribution. Because the calculations
for the derivation of the dispersion relation are tedious and
extensive, we will not duplicate them here but will only
present the form of the electrostatic expression. The form of
the dispersion relation for the electromagnetic case is
presented in Appendix A. The electrostatic dispersion
relation Lk

es(w, k, q = 90) = 0 for perpendicular-propagating
Bernstein waves in a kappa distribution plasma is given by
[Mace, 2003, 2004]

Les
k w; k; q ¼ 90ð Þ ¼ 1þ

X
s

1

k2 l2
k;s

�
Rs k;

w
Ws

; 2l0
s

� 	
þ p1=2 w

Ws

� csc p
w
Ws

� 	
Ss k;

w
Ws

; 2l0
s

� 	

¼ 0

Rs k;
w
Ws

; 2l0
s

� 	
¼ 1� 2 F3 1;

1

2
;
1

2
� k; 1þ w

Ws

; 1� w
Ws

; 2l0
s

� �

Ss k;
w
Ws

; 2l0
s

� 	
¼

2l0
s

� �kþ1=2G kþ 1ð ÞG 1=2� kð Þ
G kþ 3=2þ w=Wsð ÞG kþ 3=2� w=Wsð Þ

� 1 F2 kþ 1; kþ 3

2
þ w
Ws

; kþ 3

2
� w
Ws

; 2l0
s

� �
ð2Þ

where the subscript s represent the particle specie (s = e for
electrons and s = i for ions), w is the wave frequency, k = k?
is the perpendicular wave vector, q is the propagation angle
restricted only to perpendicular propagation with relation to
the background magnetic field B, and wps and Ws are the
plasma and cyclotron frequencies, respectively. In the above
expression we also defined the Debye length (lk,s) for a
kappa plasma and the square of the normalized wavevector
(ls

0) (correcting a typographical error in the work of Mace
[2004]) as

lk;s ¼
k� 3=2ð Þ
k� 1=2ð Þ

a2
s

w2
ps

" #1=2
and l0

s ¼ k� 3=2ð Þk2a2
s=W

2
s ; ð3Þ

which are defined in terms of the thermal speed as or
gyroradius rs and also depend on the electron density ne, the
electron temperature Te, and the magnetic field strength B.
Here, the functions 1F2 and 2F3 are the generalized
hypergeometric functions. In general the shape parameter
k is different for each specie (i.e., k = ks). For this work,
however, since the only dynamical specie is the electrons,
we will assume that k is a constant for that specie.

[11] The electromagnetic dispersion relation Lk
em(w, k, q =

90) = 0 for Bernstein modes [Mace, 2004] also depends on
similar parameters, so we refer to it by a similar notation

Lem
k w; k; q ¼ 90; wps=Ws; l0

s

� �
¼ 0; ð4Þ

but the details of the expression are left for Appendix A. We
also present in Appendix A the electrostatic and electro-
magnetic dispersion relation for a Maxwellian plasma (i.e.,
when k ! +1). The Maxwellian dispersion relation is
presented in a manner similar to that given by Stix [1992],
Oya [1971], and Puri et al. [1973].
[12] The expressions above seem considerably complex;

however, they can be solved numerically with great
accuracy. Figure 2 is an example of the numerical
solution of the electromagnetic dispersion relation for
kappa (see equation (A2)) and Maxwellian distributions
(see equation (A7)) for Bernstein mode waves in the case
of an electron plasma with a temperature of about 51 eV
(i.e., ae/c = 0.01, where c is the vacuum speed of light), a
ratio of the upper hybrid frequency to cyclotron frequency
of wuh/We = 4.5 (i.e., wpe/We = 4.39), and k = 2. It shows
the wave frequency w/We versus wave vector kre in
normalized dimensionless units for different bands of the
Bernstein modes. Figure 2 shows that the Bernstein modes
for a kappa plasma can support the previously discussed
Qn waves, depending on whether the mode’s frequency at
vanishing kre lies above or below the upper hybrid fre-
quency wuh/We = 4.5. A comparison of the solutions for the
kappa and Maxwellian distributions illustrate that irrespec-
tive of the frequency domain, there are considerable differ-
ences in the dispersion relation, suggesting a significant
dependence of the shape of the distribution function. This
was also clearly illustrated by Mace [2004], who consid-
ered several values of k. Furthermore, note that the solution
of the dispersion relation illustrated in Figure 2 covers the
full range of domain of the electromagnetic Bernstein
waves for which jkrej � 1 to the electrostatic regimes
for which jkrej � 1. Thus for completeness, we also present
the dispersion relation for the electromagnetic extraordi-
nary (X) mode as determined from the dispersion relation

Figure 1. Kappa distributions, in arbitrary normalized
units, for different k values (k = 1 corresponds to a
Maxwellian velocity distribution).
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for kappa and Maxwellian distributions. Note that these
solutions are superposed on each other, indicating that they
are identical and suggesting that for perpendicular propa-
gating electromagnetic waves there is basically no differ-
ence between the two velocity distributions in the
electromagnetic domain. Nevertheless, this is not the case
for the electrostatic regime in which significant differences
between the dispersion relations are observed.
[13] In the next section we compare the numerical solu-

tion of both the dispersion relation for kappa and Maxwel-
lian distributions of Bernstein waves with observed
resonances from the IMAGE/RPI instrument.

3. IMAGE/RPI Observations

[14] Figure 3 shows RPI data in the form of a plasmagram
obtained when IMAGE was at a geocentric distance of
about 6.0 RE as it approached apogee. The plasmagram
shows Qn resonances with n = 5 to 9 in the observed
frequency range. During this time, other resonances were
identified, and an electromagnetic X-mode echo trace,
which enabled the plasma conditions appropriate for this
record to be determined [Benson et al., 2003]. From the nfce
resonances (observed from n = 2 to 9) an average value for
fce = 4.73 ± 0.02 kHz was determined. Using this value and
the observed resonances at fpe and fuh, a self-consistent
value for fpe = 26.4 ± 0.2 kHz was obtained that yielded an
X-mode cutoff frequency consistent with a projection of the
observed portion of the reflection trace to zero virtual range.
Thus for this record, fpe/fce = 5.58 ± 0.07 and fuh/fce = 5.67 ±
0.07. Note that the nfce resonances appear without Qn

resonances when nfce < fpe and that the Qn resonances
observed when nfce > fuh tend to merge with the nfce
resonances as n increases. Also note that there are more
short time delay (i.e., low virtual range) sounder-stimulated
emissions between the nfce values in the frequency domain
below fpe than above it. These emissions are attributed to the
Dn resonances [Benson et al., 2003]. There are also strong
natural emissions, i.e., signals of equal intensity in all
virtual range bins, between the nfce values (particularly in
the frequency domain below fpe). Figure 4 presents an
enlargement of Figure 3 in the frequency range of interest
for the present investigation, i.e., the region containing the
Qn resonances, for all three receiving antennas. Since the
received signals are the result of propagation paths from
the transmitting X antenna, an inspection of the data from
all three receiving antennas leads to the best determination
of the Qn frequencies. These records clearly illustrate the
wide effective bandwidth of strong sounder-stimulated
magnetospheric resonances (typically 5 to 6 times the RPI
receiver bandwidth) [Benson et al., 2003]. The normalized
values for the Qn resonances observed in Figures 3 and 4
are presented in Table 1.
[15] In order to fit the resonances, we used the observed

ratio of fuh/fce (or fpe/fce). Since the solution of the dispersion
relation in the electrostatic regime is highly insensitive to the
temperature (it is more sensitive to the temperature anisot-
ropy; however, this is not the situation considered in this
work) we fix the value of the temperature to about 51 eV,
which is a reasonable value for the inner magnetosphere. The
solutions over the frequency and wave number ranges
considered, however, are identical to those we would have
obtained had we used a value of 1 keV for the temperature,
which is typical of tail outer magnetosphere conditions. In
order to obtain the value of k, we required that all the Qn
resonances are generated in the same plasma region, charac-
terized by a single value of k. In other words, we treat the
resonances as in the field of spectrography, where the spectral
lines are produced by similar plasma characteristics. Thus by
a trial and error bracketing scheme, we seek to find the k
value that best fits the lowest and highest Qn resonances
within the measured error bounds, and then we proceed with
such value to obtain the frequency characteristics of all the
intermediate Qn resonaces. This scheme seems the most
reasonable and provides the most confidence in the solution.
[16] Figure 5 present the dispersion characteristics of the

Bernstein mode waves with w � wuh obtained from the
numerical solution of the dispersion relation for aMaxwellian
and kappa distributions for the parameters corresponding to
the 8 April 2002 RPI data of Figures 3 and 4. The bracketing
search yields k = 2.1 as the best value that fits the lowest and
highest (i.e., n = 5 and 9, respectively) Qn resonances, so we
fix this value for the solution of all other intermediate
resonances of the dispersion curves. Thus Figure 5 shows
the normalized frequency (w/Wce) as a function of the
normalized perpendicular wave vector (kre) over two orders
of magnitude for the Qn bands between 5 to 9 in the
electrostatic regime (i.e., 0.1 < kre < 10). Dispersion calcu-
lations were only performed for those bands corresponding
to conditions for the Qn resonances, i.e., for the bands
containing the wuh and for those at higher frequencies. Note
that the maximum frequency peak of the Qn resonances for
the kappa velocity distribution, lie consistently below those

Figure 2. Dispersion curves for kappa velocity distribu-
tion (dashed lines) and Maxwellian distribution (solid lines)
for plasma parameters fuh/fce = 4.5 (fpe/fce = 4.39), ae/c =
0.01 (Te = 51 eV), and k = 2 as obtained from the
electromagnetic dispersion relation in (A2) and (A7).
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value obtained from a Maxwellian velocity distribution.
These calculated values are compared with the RPI observa-
tions of Figures 3 and 4 in Table 1 and Figure 6. The observed
values in Table 1 and Figure 6 indicate that the peak
frequency value obtained from the solution of the kappa
dispersion relation at zero group velocity agree within the
error bounds of the observed Qn frequencies, whereas
the calculations based upon Maxwellian distribution yields
values well above the observed values. This suggests that the
plasma distribution in the regions of the observations is closer
to a kappa velocity distribution function with nonthermal
tails, rather than to a Maxwellian distribution.
[17] Figure 7 shows RPI data obtained from an out-

bound orbit when IMAGE was at a geocentric distance of

about 4.9 RE. In this case, the plasma resonances indicated
fpe/fce = (20.5 ± 0.4)/(9.17 ± 0.03) = 2.24 ± 0.05 and fuh/fce
(22.5 ± 0.3)/(9.17 ± 0.03) = 2.45 ± 0.04. The corresponding
X-mode cutoff frequency is consistent with a projection to
zero virtual range of the observed reflection trace. The
calculated Z-mode cutoff frequency is slightly above a
strong natural emission that corresponds to the calculated
position of the D1+ resonance and there is a sounder-
stimulated resonance at fuh/2; such features have been
observed previously in the magnetosphere [Benson et al.,
2003]. In addition to the main Qn resonances observed for
n = 2–4, additional frequency components are observed.
The clearest example is at 29.6 kHz on the X-antenna
plasmagram in Figure 7, i.e., the short-duration sounder-

Figure 3. (top) RPI plasmagram recorded at 1508:25 UT on 8 April 2002 displaying the virtual range of
the color-coded signal strength received on the x antenna as a function of sounding frequency in 134 steps
of 0.3 kHz (the receiver bandwidth) from 6 to 46 kHz. The scaled values for the plasma resonances
identified as occurring at nfce, fpe, fuh, and fQn, are designated at the top by n, p, u, and Qn, respectively.
The propagation cutoff frequency at the satellite for the X-mode echo, as calculated from the resonance-
determined fce and fpe values, is designated at the top by an x. (bottom) Portion of the IMAGE orbit (red
trace) projected in the x-z plane with L = 4 and L = 6.5 dipole field lines included.
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Table 1. Observed and Calculated Normalized Qn Corresponding

to the IMAGE/RPI Data for Figures 3 and 4 (8 April 2002,

1508:25 UT)a

n
Observed
(fQn/fce)

Std. Dev.
(±sn)

Kappa
Calculated
(fQn/fce)

Kappa
kre

Maxwellian
Calculated
(fQn/fce)

Maxwellian
kre

5 5.81 0.05 5.767 0.977 5.930 1.517
6 6.38 0.05 6.430 2.810 6.619 2.908
7 7.23 0.05 7.280 4.470 7.420 4.016
8 8.14 0.06 8.199 5.560 8.299 5.042
9 9.07 0.06 9.150 6.742 9.224 6.022

aThese calculations are based on a kappa distribution function with k =
2.1 and an electron temperature Te = 51 eV. The values of fuh/fce = 5.67 ±
0.07, fpe/fce = 5.58 ± 0.07, and fce = 4.73 ± 0.08 kHz were used.

Figure 4. (top) Expanded version (26 to 46 kHz) of the
1508:25 UT, 8 April 2002 RPI plasmagram of Figure 3
highlighting the Qn resonances. (middle and bottom). Same
for the y and z antennas, respectively.

Figure 5. Numerical solution of the electromagnetic
dispersion relation for kappa velocity distribution (dashed
lines) and Maxwellian distribution (solid lines) for condi-
tions appropriate to the RPI data of Figures 3 and 4, i.e.,
fuh/fce = 5.666 (fpe/fce = 5.577), ae/c = 0.01 (Te = 51 eV),
and k = 2.1.

Figure 6. Comparison of the Qn resonance calculations
based upon a kappa velocity distribution (dashed line) and
Maxwellian distributions (solid line) with the RPI observed
Qn frequencies (open circles).
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stimulated resonance with what appears as a weak super-
imposed natural emission (observed in nearly all range bins)
1.0 kHz above the labeled Q3 resonance at 28.6 kHz. Such
components to the Qn resonances have been observed
previously by sounders both in the magnetosphere [see,
e.g., Higel, 1978; Trotignon et al., 2001; Benson et al.,
2003] and in the ionosphere [Benson, 1982]. The normalized
values for what are considered to be the main Qn resonances
observed in Figure 7 are presented in Table 2.
[18] Figure 8 shows the dispersion properties of the

Bernstein mode waves with w > wuh obtained from the
numerical solution of the dispersion relation for Maxwellian
and kappa distributions corresponding to the parameters of
the 6 April 2002 RPI data of Figure 7. In a way similar
to the previous example we found that the best value that
fits the lowest and highest Qn resonances was k = 1.9, so
we fix this value for the solution of the intermediate
dispersion curve. Similarly, we show only the dispersion
calculations for those bands corresponding to conditions for
the Qn resonances, i.e., for the bands containing the wuh and
for those at higher frequencies. As before, the maximum
peak of the Qn resonances for the kappa distribution, lie
consistently below the value obtained from a Maxwellian
distribution. These calculated values are compared with the
RPI observations of Figure 7 in Table 2 and Figure 9. The
values in Table 2 and Figure 9 indicate that the peak
frequency values obtained from the solution of the kappa
dispersion relation at zero group velocity gives better
agreement with the Qn resonances than the solution based
on a Maxwellian distribution, within the error bounds of the
observed frequencies. The calculated value for the kappa
distribution is just outside the estimated errors associated
with the observed Q3 value. The calculations, however, are

Figure 7. Same as Figure 3 except for the x, y, and
z antenna RPI plasmagrams recorded at 0520:57 UT on
6 April 2002. In this case, besides the labeled features in
Figure 3, a resonance identified as fuh/2 is labeled as u/2
and the propagation cutoff frequency at the satellite for the
Z-mode echo, as calculated from the resonance-determined
fce and fpe values, is labeled as z.

Table 2. Same as Table 1 but Corresponding to the IMAGE/RPI

Data for Figure 7 (6 April 2002, 0530:57 UT) With k = 1.9 and

an Electron Temperature Te = 51 eV, fuh/fce = 2.45 ± 0.05 (fpe/fce =

2.24 ± 0.05)

n
Observed
(fQn/fce)

Measured
Std. Dev.
(±sn)

Kappa
Calculated
(fQn/fce)

Kappa
kre

Maxwellian
Calculated
(fQn/fce)

Maxwellian
kre

2 2.55 0.02 2.54 0.611 2.60 0.795
3 3.12 0.02 3.21 2.153 3.28 1.928
4 4.07 0.03 4.11 3.438 4.16 2.881

Figure 8. Same as in Figure 5 but for conditions
appropriate to the RPI data of Figure 7, i.e., fuh/fce =
2.454 (fpe/fce = 2.241), ae/c = 0.01 (Te = 51 eV), and k = 1.9.
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based on a single value for fpe/fce and do not consider the
observed uncertainty in this key parameter. The better
agreement obtained with the kappa distribution, compared
with the Maxwellian distribution, again indicates that the
plasma distribution in the regions of the observations must
be closer to a kappa distribution function with nonthermal
tails, rather than a Maxwellian.

4. Summary and Discussion

[19] We have investigated the perpendicular propagation
of electron Bernstein waves exhibiting Qn resonances in
an isotropic nonrelativistic plasma having (1) kappa and
(2) Maxwellian velocity distributions. The calculations were
done using the full electromagnetic dispersion relation
without employing the electrostatic assumption. The results
of our calculation have been compared with the measured
Qn resonances obtained from the RPI instrument on the
IMAGE satellite.
[20] The dispersion relation for the kappa distribution

shows a significant sensitivity to the shape of the distribu-
tion function, as measured by the spectral index k in
agreement with earlier results by Mace [2004]. For the
isotropic case considered here, the solution of the dispersion
relation depends only on three parameters, namely, the ratio
of wpe/We, the ratio of the thermal velocity to the speed of
light ae/c and k. However, over the range of frequency and
wave number considered, our numerical calculations have
shown that the dispersion characteristics are weakly depen-
dent on the ae/c ratio, thus reducing the effective parameters
to two. Other models, such as the two Maxwellian compo-
nent used by Belmont [1981], requires at least four param-
eters, and their corresponding dispersion relations are not

significantly sensitive to the shape of the distribution
function.
[21] There are some similarities between the Maxwellian

and the kappa distribution resonances calculations. For
example, the wave propagation is bounded by the electron
cyclotron harmonics. All Qn resonances at and above the
upper hybrid band have a maximum peak for both the kappa
and Maxwellian distribution models. However, the maxi-
mum peak for the kappa distribution is consistently lower
than that for the Maxwellian distribution. Perhaps the most
important difference between the dispersion characteristics
of the Qn resonances for these distributions is that the
characteristics of the kappa distribution are markedly de-
pendent on k (see also Mace [2004]).
[22] A comparison of the measured IMAGE/RPI Qn

resonances with those calculated from the dispersion
relations based upon both Maxwellian and kappa distri-
butions show better agreement with the kappa distribution
model. For the two cases studied in this paper we found
kappa values of k = 2.1 and k = 1.9. These values are
certainly small, and perhaps for the Earth’s magneto-
sphere they are the smallest values ever reported. How-
ever, values as small as k = 1.6 have been reported in the
Jovian magnetosphere by Divine and Garrett [1983] (see
their Figure 8a for electrons and Figure 9a for protons).
Furthermore, Feldman et al. [1983] have reported k
values as low as k = 3.5 for bow shock electrons (see
their Figure 3). Other measurements of the k values in
the Earth’s plasma sheet have reported values of k in the
range of 4 to 8 with the most probable values between 5
and 6 [Christon et al., 1989]. The calculated Qn reso-
nances are also sensitive to the uncertainties in the fpe/fce
ratio, which may account for one estimated case where
the value is just outside the estimated errors associated
with the observed value for the kappa distribution;
however, this issue is beyond the scope of this paper
and will be addressed in a subsequent paper. LaBelle et
al. [1999] also noted the importance of this parameter
and its uncertainty due to the measurements of fpe. They
found their highest-frequency emission peaks to be con-
sistent with the Qn resonances within this fpe uncertainty.
In general, the good agreement with the observations
suggests that the electron velocity distribution function
in the inner magnetosphere has a significant nonthermal
component, which can be more accurately modeled by a
kappa distribution function. Furthermore, this approach
indicates that the sounder-stimulated Qn resonances can
not only be used as an independent diagnostic method for
determining the local electron density ne and magnetic
field strength jBj but also to establish a diagnostic
inversion tool to provide insights into the nature of the
electron velocity distribution function in the magneto-
sphere. Since the main objective of the IMAGE mission
(see mission objectives and instrumentation description in
the special issue of Space Science Reviews [Burch, 2000])
is to study the magnetosphere by remote sensing tech-
niques, there are no onboard in situ measurements of
particles and fields for which direct comparison of the
electron density ne, magnetic field strength jBj, and the
shape of the particle distribution function can be com-
pared. Thus the results presented here emphasize the
importance of these measurements and provide an inde-

Figure 9. Similar to Figure 6 but for conditions appro-
priate to the RPI data in Figure 7.
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pendent diagnostic method for the determination of these
quantities.
[23] In general, sounder excited resonances generate sig-

nificant electron temperature anisotropies (i.e., T?e/Tke > 1),
near the spacecraft [James, 1983, and references therein].
At present, our calculations are for isotropic plasmas and
do not consider such effects. This issue, however, will be
addressed in a future publication. The results presented
here emphasize the importance of the proper spectral
identification of magnetospheric wave emissions and the
need for more theoretical studies on the emission
mechanisms.

Appendix A

[24] Here we present a description of the electromagnetic
dispersion relation for perpendicular propagating Bernstein
mode waves in both kappa and Maxwellian plasmas. For
the details of such calculations we refer the readers to the
paper by Mace [2004] on the Bernstein modes for a kappa
plasma and to Stix [1992], Krall and Trivelpiece [1973], and
Puri et al. [1973] for the Maxwellian plasma.
[25] The electromagnetic dispersion relation for perpen-

dicular propagating Bernstein mode waves for a kappa
distribution is given by the nontrivial solution of the
determinant of a matrix tensor [Mace, 2004]

Lem
k ¼ det +K w; k; q ¼ 90ð Þj j ¼ 0

where +K; i;jð Þ W; kð Þ ¼ c2

W2
kikj � k2Di;j
� �

þ Eki;j W; kð Þ; ðA1Þ

where Lk,(i,j) is a 3 � 3 matrix tensor and Ei,j
k is the dielectric

tensor. The determinant of the above equation splits into
two factors, one yielding the dispersion relation for ordinary
modes and the other for extraordinary modes. It is the latter
that will be of primary concern here, and its dispersion
relation is written as [cf., Mace, 2004]

ek11 ek22 �
k2c2

w2

� 	
� ek12 e

k
21 ¼ 0; ðA2Þ

where the dielectric tensor elements are defined as

ek11 w; kð Þ ¼ 1þ
X
s

�
1

k2 l2
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� 1
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where ss is the charge state and the function Um,n(z, l) is
defined

Um;n z;lð Þ ¼ 2m�1p3=2 csc pnð Þ

�
�

G m� nþ 1ð Þ=2ð ÞG m� nþ 2ð Þ=2ð Þ
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and lk,s and ls
0 are defined as

lk;s ¼
k� 3=2ð Þ
k� 1=2ð Þ

a2
s

w2
ps

" #1=2
and l0

s ¼ k� 3=2ð Þk2a2
s=W

2
s :

ðA5Þ

[26] Similarly, the electromagnetic dispersion relation for
perpendicular propagating Bernstein mode waves for a
Maxwellian distribution is given by the nontrivial solution
of the determinant of a matrix tensor [Stix, 1992; Krall and
Trivelpiece, 1973; Puri et al., 1973]

Lem ¼ det + W; k; q ¼ 90ð Þj j ¼ 0

where +i;j W; kð Þ ¼ c2

W2
kikj � k2Di;j
� �

þ Ei;j w; kð Þ; ðA6Þ

where Li,j is a 3 � 3 matrix tensor and ei,j is the dielectric
tensor. The determinant of the above equation splits into
two factors, one yielding the dispersion relation for ordinary
modes and the other for extraordinary modes. Here we are
only concerned with the extraordinary mode

e11 e22 �
k2c2

w2

� 	
� e12e21 ¼ 0; ðA7Þ

where the dielectric tensor elements are defined as

e11 k;wð Þ ¼ 1þ
X
s

Xn¼þ1

n¼�1

w2
ps

w nWs � wð Þ
n2Ln lsð Þ

ls

e12 k;wð Þ ¼ i
X
s

Xn¼þ1

n¼�1

ssw2
ps

w nWs � wð Þ nL0
n lsð Þ

� �
ðA8Þ

e21 k;wð Þ ¼ �e12 k;wð Þ

e22 k;wð Þ ¼ 1þ
X
s

Xn¼þ1

n¼�1

w2
ps

w nWs � wð Þ
n2Ln lsð Þ

ls

� lsL0
n lsð Þ

� 	
;

where we defined Ln (ls) = e�ls In (ls), In is the modified
Bessel function, and Ln

0 is the derivative with respect to ls.

A06202 VIÑAS ET AL.: RESONANCES OF MAXWELLIAN AND KAPPA PLASMAS

10 of 11

A06202



Comparing the square of the normalized wave vector for a
kappa (ls

0) and a Maxwellian plasma (ls), we have

l0
s ¼ k� 3=2ð Þls ¼ k� 3=2ð Þk2r2s : ðA9Þ
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